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Wilson Action

Last time we ended up with the Wilson plaguette action

B
S= — Puv (X).
2N 4 o (X
It is not too hard (and therefore an exercise) to show that
1 [ 4 2 1 B
S—>—/dX(F6},), i
4g5 - g5 2N

as a— 0, [ fixed.

Then the functional integral is

(o) = % / DU eeS  DU= [ i

with Z such that (1) = 1.
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A Criterion for Confinement

Consider the so-called Wilson loop:

R—1 o IT—1 _

W(RT) =tr rLUi(XJrrae(')) rLU4(x+ Rad!) +tae(4)) X
_r: t:

E| U (x+ (R—r)ad!) + Tad?) |I| UJ(x+ (T —t)ae?)
=1 t=1

.
It corresponds to the energy of two static sources of color, separated by distance R,
evolving forward through time T.

In a confining theory, one expects the energy to grow with R;
otherwise V(R) ~ const— a /R

_TRo : :

B e area law, string tensioo
W(RT)) ~e TVR — e .
W(RT)) e-Teonst  parimeter law
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Strong Coupling Expansion

In the pure gauge theory, it is very easy to expand in powers of 3 [] gaz.

s B
e — ( ——P V—I—)
X?u? 2N u

Because [dUU =0, (W(R,T)) vanishes at order B°, 1, ....
The integration over the links in the Wilson loop yields zero.

The only way to get non-zero is to pick up a plaquette term for each link in the loop.
But then there are other links for which [dU U = 0.

The first non-zero term in the expansion picks up a factor of (3 for every plaquette on
the planar surface enclosed by W(R, T).

(W(R,T)) ~ (constx B)RT = confinement witho 0 — In3
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The Transfer Operator

Before introducing fermions for lattice QCD, we have to tie up a loose end.

In the last lecture, | started to switch back and forth between the path integral and
canonical quantum mechanics without taking the (temporal) lattice spacing to zero.

The reason for that is that most lattice actions of interest have a time evolution oper-
ator that maps wavefunctions at time t tot + a.

It should be called the transfer operator, but more commonly, by an abuse of lan-
guage, it is called the transfer matrix T.

if T is real and positive, we can define a “Hamiltonian”
A 1 -
H=—In (T/TO)

The energies obtained from the exponential fall-off are eigenvalues of H.
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In quantum mechanics (or in bosonic field theory) it is an integral operator:
(TW) (x41) = /dxt e—%[m(xtﬂ)z/aqLaV(xtH)]em>q+1xt/ae—%[m(xt)2/a+aV(xt)]W(Xt)
For fermions the construction is more complicated, but similar in spirit.

If the discretization of the time derivative extends over more than one time slice, it
may be possible to define a multi-slice transfer operator.

= _n_la in (Fo/Tno)

If T is real and positive, so is H. Then, with several reasonable assumptions, it is
possible to work backwards, from the functional integral, through the transfer operator,

to a Hilbert space of states, i.e., to canonical quantum theory. (Called Osterwalder-
Schrader reconstruction.)

Not necessarily practical (in the context of numerical calculations) if you need many
states to build up some Minkowski object.
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Lattice Fermions

In the continuum, fermions (such as the quarks in QCD) have the Lagrangian

L<X) — _LI_J(X) (D + I'Tb) l-lJa D — Duyl.la {ylla Vv} — 26|1V

We would like to find a discretization of this Lagrangian. We’'ve learned how to put in
the gauge fields, so let’s focus on the free case.

The simple choices 0y, — ty— 1 or 1 —t_ are not anti-Hermitian, so the particle and
anti-particle parts of Y would propagate differently.

The simplest anti-Hermitian choice is (ty —t—y;)/2a, yielding the naive action

Lnp = —P(X) i%\m(tu—t—u)JFmO Y(x)

Lattice Field Theory 3 Naive Andreas S. Kronfeld
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Nalve Propagator

The propagator that one gets from this Lagrangian is (t > 0)

G(t.p) = [ SPadpat. _a
211 |y yyusin(pua) +mpa

B sinh(12Ea) [eEt <y4sinh(Ea) — | IZyi sin(pia) + moa)

n (_e—Ea)t/a <y4sinh(Ea) +i Zyi sin(pja) + moa>]

where sint?(Ea) = 3, sir?(pia) + (mpa)?.

The first term is desirable; the second term has a peculiar oscillation (—1)t/a.
Moreover, there are low-lying states for pja ~ 0,(11,0,0), (11, 7,0), (TL TG TD) - - -
2 x 8 = 16 species in all. The Fermion Doubling Problem.
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In perturbation theory, 16 species arise from the 16 regions where Sin( pua) ~ a.

Vacuum polarization:

dgg . g5 (1IN 2ng 6
aﬁ_216n2( 3 3 >+O(90)

With naive fermions one find a result of this form but with ny = 16ny,.

Anomaly in flavor singlet axial current Ay = %LF(T;H— T_p)YuysW from gauging
Yo @My, o s,
In continuum obtain 0- A 1 A4, where 4 is the axial anomaly. Now
ANe=(1-446—-4+1)4=0

On lattice, symmetries are either exact or explicitly broken.

Lattice Field Theory 3 Species Doubling in Perturbation Theory Andreas S. Kronfeld
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The Fermion Doubling Problem

The spectrum of naive fermions is the first sign that fermions do not like the lattice.

The Nielsen-Ninomiya Theorem says that there is no ultra-local fermion action with
the full chiral symmetry, no additional states, and a real, positive transfer matrix.

For a long time “ultra-local” was phrased “local’. Ultra-local means that interactions
coupling fields vanish if the fields are farther apart than some fixed distance, of order
a few lattice spacings.

“Local” means that they merely fall off exponentially.

There are now fermion discretizations with undoubled spectra and full chiral symme-
try. Not ultra-local so no transfer matrix.

Lattice Field Theory 3 Doubled Spectrum Andreas S. Kronfeld
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Wilson Fermions

To cope with the doubled spectrum, Wilson reasoned as follows.

The particle states should use projection matrices so that some components move
forward in time, and others backward.

1—Vatg—1 1+ygl—t_
a4¢(x)—>( 2y44a + 2y4 . 4) W(x)

B0V — P (5 T2 BT ) g

_ h—1_ t t4—2
:w<x>(V44 4_1latta )w<x>

2a a2

Repeat in all directions, leading to

LwF = LNF— % (t“H_u 2) W(Xx)
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Propagator for free Wilson fermions (for t > 0)

ae Et yysinhEa) —i Y;visin(pa) + mpa+ Zazﬁ +1—cosHEa)
2sinh(Ea) 1+moa+?a2|3

G(t,p) =

with
13;sir?(pia) + (mpa+ 2a2r5 )2
2 1+ mpa+ 7a2|6

Now no oscillating state arises, and the energy is low only when p is small.

cosHEa) =1+~

The price paid is sacrificing chiral symmetry W — &9¥sy, Q) — Qe%Y¥s. Both the mass
term and the new Wilson term break chiral symmetry explicitly.

2 —-1.2 2
MR = Zm(9o) [mo +a goC<go)] -
On the other hand, the axial anomaly does come out correctly: the Wilson term leads

to contributions of the form a [ d*k/k3 ~ aa—1 ~ a°.
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Staggered Fermions

In the early days, Susskind studied a Hamiltonian lattice gauge theory (discrete
space, continuous time, Hamiltonian with conjugate momenta). He found a way to
formulate the fermions with less doubling.

On a spacetime lattice start with the naive fermion Lagrangian, re-written here

_ 1
LN = —P(Nn) ng(-ﬁl— T_p) +mo| W(n)
with n € Z# dimensionless site labels.

Introduce a unitary similarity transformation
W) =QMW(n).  B(n)=PnQ'Mn), Qn)=yA5R,"

QN MYTep@(n) = Np(n) Ty, Np(n) = (—1)”1+'“”u—1
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After the transformation, the Lagrangian is

£ == 3 Palf) | 3 M) (T4 70| Yo

Chiral symmetry remains intact. After the similarity transformation

QT (NysQ(n) = ysns(n),  ns(n) = (—1)M 2T —: g(n)
W(n) — N5My(n),  W(n)— Y(n)da¥snsh),

The chiral transformation rotates even sites (Nq + Ny + N3+ Ny mod 2= 0) one way
and odd sites (nq + N> + N3+ Ny mod 2= 1) the other, so it is still global.

Written this way, the lattice fermion field has 4 pieces, each with the same Lagrangian;
two each with ygW = +£W. Truncate 2321 to one component.

Lattice Field Theory 3 Reduction Andreas S. Kronfeld
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The Lagrangian for the one component field X is

_ 1
Lstag= —X(Nn) [2&% Nu(M) (Tp—T—p) +mp | X(n)
with U(1) xU(1) chiral symmetry
X(n) — @Sy ) X(n) — X(n)e NS,

This symmetry is enough to forbid an additive counter-term to the bare mass.

Vacuum polarization now behaves as if there are four species. Originally, these were
called flavors, in the hope that the four species could be given different masses and
correspond to U, d, S, C. Now they are looked at as unphysical and called “tastes”.

The Noether currents corresponding to the U(1) xU(1) chiral symmetry are conserved,
the symmetry is exact. We will find another current with the correct anomaly.

Staggered fermions still have the oscillating states; acceptable Hamiltonian H from a
two-slice transfer matrix.

Lattice Field Theory 3 Staggered Fermions Andreas S. Kronfeld
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Ginsparg-Wilson Relation

In continuum gauge theories, chiral symmetry (for physical amplitudes) follows es-
sentially from {ID,y5} = 0.

It is worth asking whether this condition is (on a lattice) necessary, or merely sufficient.

It is only sufficient; Ginsparg and Wilson derived the necessary condition:

D@%VS JFY5D|;1éL — ays =4 Y5D\at + DjatYs = aDjatYsDat

In the form on the left, we see that in correlation functions the violation of chiral sym-
metry is a local “contact” term, which drops out of the long-distance physics.

Until a few years ago, no solutions (except in free field theory) were known. Now
some local, but not ultra-local, solutions have been found.

Lattice Field Theory 3 Remnant of Chiral Symmetry Andreas S. Kronfeld

15



Numerical Methods for Fermions

The incorporation of fermions into numerical simulations is the most daunting com-
putational problem in lattice QCD.

The Pauli exclusion principle states that two fermions cannot be in the same state.
Therefore, the integration variables in the functional integral are Grassman numbers:
{Wa,Wp} = {Wa,WUp} = {Pa, Wp} =0

The integration rule is (0 complex, € & € Grassman)

[db@+a) =& [ dpla+ge) =

Invariance under multiplication says

=8 =  dp=dmr/E

Lattice Field Theory 3 Grassman Numbers for Fermions Andreas S. Kronfeld
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Every action that we introduced to the form

S= gE)LFaMabLIJa» M=M(U)

Using the rules of Grassman integration

/ DYDPe MY — / DY/ DPe PV TIMVY [TV MV]aa = detM

a

The physical interpretation of detM(U) is all possible fermions loops in the back-
ground of gauge field U.

A numerical simulation the generates gauge fields with weight detM e Syauge
This is normal arithmetic, but the computational problem is huge.

M is a (3-4N%) x (3-4N%) matrix.
(Sparse for naive, staggered, and Wilson, but not GW; omit 4 for staggered.)

Lattice Field Theory 3 Fermion Determinatn — Fermion Loops Andreas S. Kronfeld
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Summary of Fermion Methods

Pattern of chiral symmetry breaking for various formulations of lattice fermions.

formulation G—H CPU
staggered 4 xU(l) = T4 fast: mg > 0.2mg, but N =4
Wilson SU(n¢) — SU(ns) slower: mg > 0.5mg
G-W SU(n¢) x SU(n¢) — SU(N¢)  very slow: M not sparse
continuum QCD  SU(n¢) x SU(n¢) — SU(ns)

For all methods, the computation of detM (or changes in detM) gets slower and
slower as the quark mass decreases (ratio of eigenvalues).
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